
3. I . E .  Tarapov, "The hydrodynamics of polarized and magnetized media," Magn. Gidrodinam., No. 1 
(1972). 

4. L . I .  Sedov, The Mechanics of a Continuous Medium [in Russian], Vol. 1, Nauka, Moscow (1976). 
5. N .E .  Kochin, I. A. Kibel', and N. V. Roze, Theoretical Hydromechanics [in Russian], Par t  2, GITTL, 

Moscow (1963). 
6. I . E .  Tarapov, "Sound waves in a magnetized medium," Zh. Prikl.  Mekh. Tekh. Fiz., No. i (1973). 
7, I .G.  Shaposhnikov and M. I. Shliomis, "The hydrodynamics of magnetized media," Magn. Gidrodinam., 

No. 1 (1975). 
8. N . F .  Patsegon and I. E. Tarapov, "Sound and simple waves in a conducting magnetized medium," Ukr. 

Fiz. Zh., ~ No. 6 (1974). 
9. A .G.  Kulikovskii and G. A. Lyubimov, Magnetohydrodynamics [in Russian], GIFML, Moscow (1962). 

10. A . I .  Akhiezer (editor), Plasma Electrodynamics [in Russian], Nauka, Moscow (1974). 
11. I . E .  Tarapov, "Transverse  waves and discontinuities in an ideal magnetized liquid," Izv. Akad. Nauk 

SSSR, Mekh. Zhidk. Gaza, No. 6 (1973). 
12. N . F .  Patsegon, R. V. Polovin, and I. E. Tarapov, "Simple waves and strong discontinuities in a mag- 

netized medium," Prikl. Mat. Mekh., No. 1 (1979). 
13. N, F. Patsegon, "The s tructure of a discontinuity of weak intensity in a conducting magnetized liquid," 

Magn. Gidrodinam., No. 2 (1978). 

MAGNETOHYDRODYNAMICS OF HEAVY FLUIDS 

R. Kh. Zeitunyan UDC 538.4 

Four dimensionless parameters appear in the equations in connection with the discussion of the time- 

independent flow of an ideal compressible rotating plasma in a gravitational field: the Froude Fr, Rossby Ro, 

Mach Mo, and Alfv~n A 0 numbers. Here it is assumed that A 0 and M 0 are simultaneously very small and satisfy 
the similarity relationship A~/kVI 0 = Vo, where Yo = o(1) is a constant. First the case is analyzed in which Fr~0 

and Ao2/Fr 2 = ko, where A 0 = o(1) is a constant; the classical approximation of static equilibrium is obtained. If 
one notes that Fr 2 = 7M2/flo,where tic is the ratio of characteristic lengths, then it is necessary to discuss two 
cases. The first case corresponds to rio = o(1) , and a limiting system of equations is derived which permits 

studying atmospheric motions near the planets of the solar system, for which the characteristic angular rota- 
tional velocity is not very high (A~/Ro<<I). The second case corresponds to flo -~ 0 and flo/Mo = #0, where ~0 = 
o(1) is a new constant; it is possible to obtain a limiting system of equations which is suitable for analysis of 
the development of sunspots, where the magnetic and convective effects are closely linked. 

i. I n t r o d u c t i o n  

We will assume that only gravitational and electromagnetic forces are  acting on the "fluid medium' ,  
which is treated as an ideal plasma (see [1] in connection with the definition of an ideal plasma). The equations 
which describe a nonsteady adiabatic flow of an infinitely conductive plasma rotating with angular velocity 
when viscosity and thermal conductivity are  neglected have the form (the magnetic permeabili ty p is assumed 
to be constant) : 

p{Dv/Dt + 2[~}.v]} + VP + pgea = (1/~)[rotB.Bl; 
Op/at + div(pv) = 0; 

div B ----- 0; 

DT "f-- i T Dp -~-0; 
-D'F" ? p Dt 

OB/Ot -I- rot [B.v] = O. 

The plasma is treated as an ideal gas with constant specific heats Cp and c V (7 = Cp/CV) ; therefore 

(1.1) 

(1.2) 

(1.3) 

(I .4) 

(1.5) 
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p = RpT,: (1.6) 

where  R = Cp(T-  1)~/. Equations (1.1)-(1.6) f o r m  a closed s y s t e m  for the ve loc i ty  vec to r  v r e la t ive  to the 
med ium (D/13t = 8/~t+ (v 'V) ) ,  the magnet ic  induction vec to r  B, and the s c a l a r s  p (p res su re ) ,  p (density)~ and T 
( t empera tu re ) .  

Equations (1.1)-(1.6) a r e  wri t ten  in a s y s t e m  of r ec t angu la r  c a r t e s i a n  coordinates  Oxlx2x~; t hee  i a re  unit 
vec to r s  along the axes ;  and 

0 V-- ~e~. 

Of cour se ,  i t  is n e c e s s a r y  to supplement  these  equations with initial and boundary condit ions;  in pa r t i cu -  
l a r ,  it would be  n e c e s s a r y  for the veloci ty  to wr i te  the s l ipping condition along the wall.  Concerning the mag-  
netic field, s ince  the e l ec t r i ca l  conductivi ty is a s sumed  to be infinite, it is n e c e s s a r y  to se t  up conditions for B 
s i m i l a r  to the conditions for  v. Some l imi t ing  fo rms  of the sy s t e  m (1.1)-(1.6) a r e  der ived in this paper ,  and 
d imens ion less  p a r a m e t e r s  a r e  exhibited which de t e rmine  flows which sa t i s fy  Eqs .  (1.D-(1.6).  

2 .  T h e  R e d u c e d  E q u a t i o n s  

Equation (1.1) contains f ive d imens ion less  p a r a m e t e r s ,  which p e r m i t  a s s e s s i n g  the r e l a t i ve  impor tance  
of d i f ferent  effects .  We will make  the r e p l a c e m e n t  of va r i ab l e s  : 

v = Uou,  B = Bob,  x = Lo~,  t ---- toT, 

P -~ POP', T = TOT', p = POP', f l  ---- f~o (o, 

where  U0, B0, L0, to, P0, To, P0, and [20 a r e  c h a r a c t e r i s t i c  s ca l a r  quant i t ies .  Then one can wr i te  Eq. (1.1) in the 
f o r m  

t , t I [rot b.b], (2.1) p'[stt + - ovP + P'es= A7 

where  the d imens ion less  p a r a m e t e r s  

St = Lo/toUo, Ro = Uo/2~oLo, Mo = Uo/(TRTo) 1/2, 

Fr = Uo/(gLo) t/2, Ao -- Uo/[Bo/(~tpo) tl2 ] 

a r e  introduced,  which a r e  the Strouhal ,  Rossby ,  Mach, Froude ,  and Alfv6n numbers ,  r e spec t ive ly .  

The c a s e  F r  = ~ co r r e sponds  to c l a s s i c a l  magnetohydrodynamics  without the gravi ta t ional  fo rce  taken 
into account.  When Fr  ~ ~,  it is more  convenient  to conduct the ana lys i s  by using per turba t ions  of t h e r m o -  
dynamic quantit ies [2] : 

= ( p  - -  p . ) / p . ,  e - - -  (r - -  r | 1 7 4  = 0 - p - ) / p |  

where  Poo, Po~, Too a r e  genera l ly  functions of the ve r t i c a l  coordinate  x3, c h a r a c t e r i z e  the the rmodynamic  
s tandard  s ta te ,  and sa t i s fy  the re la t ionsh ips  

p .  ----- R p ~ T ~ ,  dpJd~3  -~ p~g = O, - - d T . / d x ~  -~ F .  (2.2) 

(the quantity r ~  is a s s um ed  to be known). 

It should be  noted that  the s tandard  s t a t e  (2.2) is in a g r e e m e n t  with the s y s t e m  of equations (1.1)-(1.6) if, 
in pa r t i cu l a r ,  

v ~--- v ~ ---- U~ -[- V~ 

is a cons tan t  ve loc i ty  vec to r  and B = B~ is a ha rmonic  vec to r ,  i .e . ,  r o t  Boo = 0 and div Boo = 0, which is p e r -  
0 (v O.Boo 0) and [2o 0. Thus iff~0 = 0  (Ro = ~ )  and one sets  r ~ = r  ~ = const ,  then one can pendicular  to v~  = = 

�9 wr i te  in p lace  of Eqs.  (1.1)-(1.6) the following d imens ion less  equations : 

(t ~ ) { S t  ~ + ( u . v )  u } ~_ ~ V~ _ F_~( i r ~  -pa)  Oe3 = A~o [rot b.b], 

St (1 - -  [~o) ~ ~- div u ----- O, 
o o .  

- ~ +  - -  = 

s t a b  o~ ~- rot  [b .  u]  ---- O, d i v  b ---- O, n = a ~-  0 -t- ~0, 

where  two new d imens ion less  p a r a m e t e r s  

190 



r~ 
C~ 0 -- To ' 

a r e  in t roduced  which c h a r a c t e r i z e  the s t anda rd  s ta te .  

3 .  T h e  C a s e  F r - - 0  

gLo 
13o = FT'  (2.~) 

L e t  us c o n s i d e r  Eq. (2.1) on the a s s u m p t i o n  of q u a s i s t e a d i n e s s  (St-- 0). We wil l  a s s u m e  that  the Alfv~n 
n u m b e r  A 0 is inf ini te ly  s m a l l  (B0>> p~-~0U0),and we will  d e r i v e  the l imi t ing  f o r m  of the equat ion 

A~ A 2 t (3.1) ~ V P '  + (A2o/Fr~) p 'e,  ---- [rot b.b], 

when  A 0 -  0 with ~ f ixed.  

In o r d e r  to de r ive  the suppor t ing  equat ion f r o m  (3.1), it is n e c e s s a r y  that  M 0 or  Ro a l so  tend to z e r o .  
A s s u m i n g  in addi t ion that  F r  ~ 0, we find the fol lowing l imi t ing  equat ion:  

vo ' (3.2) no [c~ + -~" VPz + ~oea -- [rot bo'b0], 

if one a s s u m e s  the ex i s t ence  of the s i m i l a r i t y  r e l a t i onsh ip s  

h i A~o A~ (3.3) 
 =Zo, 

and seeks  the so lu t ion  of Eq. (3.1) in the f o r m  of the a s y m p t o t i c  expans ions  
I 

U = U o + O ( i ) ,  b = b o + o ( l ) ,  p ' = l + M o P l + o ( M o ) ,  

p = l + MOP'1 + o (Mo). 
Set t ing 

T'  = i + Mor~ + o (Mo), 

one can  c o m b i n e  the l imi t ing  equat ion (3.2) with the fol lowing equat ions :  

div u 0 = 0, div b o = 0; (3.4) 

' V -- i . . . .  (3.5) 
rot[bo.uo] =0, uo.VTI -- ~uo.vpl, Pl =P1--Tz. ? 

We note that the limiting system (3.2), (3.4), and (3.5) remains valid on the assumption 

BT o U2o 
g >>Lo>> 7 '  

Xo b e c a u s e  fl0 should tend to z e r o  when M 0 - 0  a c c o r d i n g  to the r e l a t i onsh ip  ~o = 7 ~-oMo which  m a k e s  the l a s t  two 

r e l a t i o n s h i p s  in (3.3) and the second one f r o m  (2.4) independent .  In a m o r e  p a r t i c u l a r  c a s e  (N 0 -  0) the l imi t ing  
s y s t e m  (3.2), (3.4), and (3.5) d e c o m p o s e s  into t h r e e  s u b s y s t e m s :  

t 

[ r o t b o . b o ] = V p  , d i v b o = 0  , p ~ - ~ ~  (3.6) 
7 

rot [b0.u 0] = 0, div uo = 0; (3.7) 

r 

u o . V T x =  y - i  , , , , 7 VP~, P I = P ~ - - T ~ -  (3.8) 

The s u b s y s t e m  (3.6), which we will cal l  ' s t a t i c  equ i l ib r ium,"  has been  ana lyzed  in p a r t i c u l a r  in [3] ; this 
s u b s y s t e m  p e r m i t s  d e t e r m i n i n g  b 0 and p~ with the a p p r o p r i a t e  boundary  condi t ions .  We note that  if one in t ro -  
duces  the two s c a l a r  potent ia ls  $ and X a c c o r d i n g  to the condi t ions  

div b o = 0 =~ b o ---- [V~'VXl, 

then the f i r s t  of Eqs .  (3.6) gives 

b0 .vP  = 0 =~ P = II(% X) 

and the l imi t ing  f o r m  (3.6) is equiva len t  to a s y s t e m  of two f i r s t  i n t eg ra l s  (see [4] and [2]) 

rot bo-V* = OH/0x, rot bo'VX ---- - -a l I /0 , .  

The funct ion II($, X) is d e t e r m i n e d  for  cont inuous flows with the help of the boundary  condi t ions .  As soon  as 
the values  of b 0 and p~ a r e  found, one can  ca l cu la t e  u0 f r o m  the s y s t e m  (3.7) of l inear  equat ions  in f i r s t - o r d e r  
pa r t i a l  de r iva t i ve s  with r e s p e c t  to ~, and then one can  find T 1 and Pl f r o m  (3.8). 
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4.  T h e  C a s e  /3 0 = 0(l)  

In o rder  to c l ea r ly  show the effect  of a gravi ta t ional  field, it is convenient  to use the s y s t e m  of equa-  
tions (2.3). We will consider  the ca se  [~o = O(i), i .e . ,  L 0 is of the order  of RT0/g. In addition let  A 0 - - 0 ,  so that  
A2/M0 = v0. We will seek  a solution of Eqs.  (2.3) in the f o r m  of the following asympto t ic  expansions:  

u = Uo + o(l), b = bo + o(t!,  ~ = Mo~l + o(Mo), (4.1) 

a = Moox + o(Mo), 0 = MoO, + o(Mo). 

If the Strouhal number  St is fixed (or is identical ly equal to zero) ,  we obtain a s t rong  degeneracy  in the 
zeroth  order  (when M0--0) ,  s ince u3, 0 -  0 follows f r o m  the third equation of the s y s t e m  (2.3) if one only a s s u m e s  
that  the p a r a m e t e r  s 0 introduced by the f i r s t  of Eqs.  (2.4) is not fixed but sa t i s f ies  the condition 

P ~ 0  
- -  - ~  ~o - -  koMo, (4.2) 

where  k 0 is a constant  s im i l a r i t y  p a r a m e t e r .  With the r e s t r i c t i o n  (4.2) the l imit ing s y s t e m  of z e r o t h - o r d e r  
equations,  which "decouples  w Eqs.  (2.3) with Eqs.  (4.1) taken into account,  takes on the following f o r m  if one 
se ts  ~0~0 and S t = 0 :  

~x----col+OD divu s = ~  8,o, divb o = 0 ,  
TT~ 

~0 t 
[rot b o. bo] = ~ {Toov~l - -  ~oOle3}, (403) 

where  T" ---- i - -  ~ - t [3o~8; T~(0) ~ T0. The s y s t e m  (4.3) is s t rongly  coupled and desc r ibes  magnetoconvect ive  

motion in r e la t ive ly  thick l aye r s  ; the th icker  the l ayer  is ,  the weaker  the gravi ta t ional  field is and the higher  
the s tandard t e m p e r a t u r e  on the su r f ace  of the ear th  is .  

The s y s t e m  (4.3) may be of in te res t ,  in pa r t i cu l a r ,  f o r  the s tudy of flows in the a t m o s p h e r e s  of planets 
of the so la r  s y s t e m  [5]. It  should be noted that  the l imi t ing  equations (4.3) a r e  appl icable to the study of the 
a t m o s p h e r e s  of planets  whose c h a r a c t e r i s t i c  angular  ro ta t iona l  ve loc i ty  ~20 sa t i s f ies  the inequality 

f~o << 2R~PoVor ~ �9 

5.  T h e  C a s e  f l 0 - - 0  

Now let  us a s s u m e  that  f i0--0 and M0--0 in Eqs.  (2.3), so  that  

[~o/Mo = ~o, 

where  ~0 is a constant  s i m i l a r i t y  p a r a m e t e r .  Then it  is n e c e s s a r y  to seek  the solution of Eqs.  (2.3) in the f o r m  

u = uo + o(i) ,  b = bo + o(i) ,  o = ~o + o(i) ,  

0 = 0o -[- o(l) ,  n = Moah -I- o(Mo). 

When S t -  0, we obtain the following l imit ing equation in the zeroth  order  by taking into account  the second of 
Eqs .  (3.3) (with v0 as the second constant  s i m i l a r i t y  p a r a m e t e r ) :  

[rot b o- b o] = -~- {To~v~I + po%e~}, 

fc~ u3,~ } 0, (5.1) uo.V~ o + (i + % )  } o ~  + divuo_ = 

~0 (t +~o) uo.vOo = _-v-Us,o, rot[bo.u o] = 0, divbo=O, e o ( l + a o ) = - - ~ o .  
Too 

The p a r a m e t e r  s 0 in the s y s t e m  (5.1) is fixed; if one a s s u m e s  that c~0--0, then we obtain a new l imit ing s y s t e m  

in place  of Eqs.  (5.1) : 

uo.v~o = 0, div uo = 0, 

'g0 {rot b o- bo] = -~-- (V~l  + ~to~oe3), (5 .2)  

div bo ---- 0, rot [bo.uo] = 0, 08 = --~o/(i + ~o)- 
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The l imiting sys t em cor responding  to the Boussinesq approximat ion for small  Rossby numbers  is reduced 
to the fo rm (5.2) (see Ref. 6). The sys t em (5.2) may be of in te res t  in connection with the investigation of the 
format ion  of sunspots~ where  magnetic and convect ive effects a r e  coupled. 

The theory of magnetohydrodynamic flow of a heavy fluid at  small  Alfv~n numbers  which has been out- 
lined above is s imi la r  f r om the conceptual  standpoint to the theory  of the flow of a heavy rota t ing fluid at  
smal l  Rossby numbers .  There  is also a g rea t  analogy between the stat ic equi l ibr ium approximat ion (3.6) dis-  
cussed in S e e .  3 and the c lass ica l  quasigeostrophic  approximat ion in meteorology [6]. 
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S Y M M E T R I C  C O L L I S I O N  O F  T W O - L A Y E R  J E T S  

O F  AN I D E A L  I N C O M P R E S S I B L E  L I Q U I D  

S.  A .  K i n e l o v s k i i  a n d  Yu .  A .  T r i s h i n  UDC 532.522 

1. We consider  the prob lem of finding the potential  flow a r i s ing  af ter  the symmet r i c  col l is ion of plane 
two- layer  f r ee  je ts  of an ideal incompress ib le  liquid. Assuming that the flow is s teady state ,  we shall analyze 
the conditions that must  be sat isf ied in this case  by the flows in the different  layers  of the colliding jets .  For  
s implici ty ,  by v i r tue  of the symmet ry ,  we can r ep lace  the plane of s y m m e t r y  with a r ig id  s ta t ionary  wall and 
consider  the s ta t ionary  prob lem of a two- layer  je t  of an ideal incompress ib le  liquid hitting this wall. The flow 
in each of the layers  of the je t  is cha rac te r i zed  by its value of the Bernoull i  integral  constant.  Assuming that 
the p r e s s u r e  at  infinity and on the f r ee  s t reaml ines  ~s ze r% we denote by h the ra t io  of the Bernoull i  integral  
constants  in the l aye r s ;  

T plVl (I.i) 
h ~ 

i 8 '  
P~Vs 

where  v 1 and v2 a re  the liquid veloci t ies  in the layer  at  infinity, and the subscr ipts  1 and 2 a r e  assigned,  
r e spec t ive ly ,  to the externa l  (outside the wall) and internal  l ayers  of the two- layer  jet.  In the general  case  the 
densi t ies  of the l aye r s ,  Pl and P2, and the veloci t ies ,  v i and vz, a r e  different .  In addition, the problem also 
depends on the geometr ic  pa rame te r s  specified at  infinity, such as the thicknesses of the layers  and the angle 
of inclination of the je t  to the wall. Depending on the values of all  these p a r a m e t e r s ,  it is possible in pr inciple  
to have three  var iants  of the flow ar i s ing  when a two- layer  je t  hits the wall; a) T h e f o r w a r d j e t  (the pestle) is 
Inhomogeneous, while the r e t u r n  jet,  (the cumulat ive jet) is homogeneous;  b) the pest le  and the cumulat ive jet  
a r e  homogeneous ; c) the pest le  is homogeneous,  while the cumulat ive je t  is inhomogeneous.  

F igure  1 shows the flow configurat ion cor responding  to condition a), with a homogeneous je t  and an in- 
homogeneous pest le ,  where Pl is the densi ty of the liquid layer  ex te rna l  to the wall, Pz is the densi ty of the 
liquid layer  inside the wall~ and their  veloci t ies  at infinity a r e  vt and v2; 61 and 52 a r e  the thicknesses of the 
l ayers  of the incident j e t  at  the point at infinity, B; 6 t is the thickness of the externa l  layer  of the pest le  a t  the 
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